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Abstract

For an n-dimensional compact submanifold M" in the Euclidean space RV, we study estimates for
eigenvalues of the Paneitz operator on M". Our estimates for eigenvalues are sharp.
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1. Introduction

For compact Riemann surfaces M 2 Liand Yau [11] introduced the notion of conformal vol-
ume, which is a global invariant of the conformal structure. They determined the conformal
volume for a large class of Riemann surfaces, which admit minimal immersions into spheres. In
particular, they proved that for a compact Riemann surface M?, if there exists a conformal map
from M? into the unit sphere SV (1), then the first eigenvalue A; of the Laplacian satisfies

A1 vol(M?) <2V.(N, M?)

and the equality holds only if M? is a minimal surface in SV (1), where V,.(N, M?) is the con-
formal volume of M?2.
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For 4-dimensional compact Riemannian manifolds, Paneitz [13] introduced a fourth order
operator P, defined by, letting div be the divergence for the metric g,

ngzAzf—div[(gRg—2Ric>Vfi|, (1.1)

for smooth functions f on M*, where A and V denote the Laplacian and the gradient operator
with respect to the metric g on M*, respectively, and R and Ric are the scalar curvature and Ricci
curvature tensor with respect to the metric g on M*. Furthermore, Branson [ 1] has generalized the
Paneitz operator to an n-dimensional Riemannian manifold. For an n-dimensional Riemannian
manifold (M", g), the operator Py is defined by

n—4
Py f = A f —div[(a,Rg + byRic)V f] + TQf, (1.2)
where
Q = Cn|RiC|2 + anZ — mAR
is called Q-curvature with respect to the metric g,
n—22%+4 4
an = S <, AL n = — k]
2n—1)(n —2) n—2
2 nn—2)2—16
ch=——"""—, = .
T o202 "7 8(n—1)2(n —2)?

This operator P, is also called Paneitz operator or Branson—Paneitz operator. It is known that
Paneitz operator is conformally invariant of bi-degree (”2;4, #), that is, under conformal trans-
formation of Riemannian metric g = ¢** g, the Paneitz operator P, changes into

n+4

n—4
ngze_Tngo(ewa). (1.3)
Let M (M™) be the set of Riemannian metrics on M". For each g € 9T1(M™), the total Q-curvature

for g is defined by

Qlel= / Qdv.

Mn
When n =4, from the Gauss—Bonnet—Chern theorem for dimension 4, we have
1
Q[g]=—Z/IW|2dv+8ﬂ2X(M4)» (1.4)
M4

where W is the Weyl conformal curvature tensor and x (M 4) is the Euler characteristic of M*.
Hence, we know that the total Q-curvature is a conformal invariant for dimension 4.
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We should remark that Paneitz operator and Q-curvature for 4-dimensional manifolds M* en-
joy similar conformal property under conformal change of metric as the Laplacian and Gaussian
curvature do in dimension 2.

In [12], Nishikawa has studied the variation of the total Q-curvature for a general dimension 7.
He has proved that a Riemannian metric g on an n(n # 4)-dimensional compact manifold M" is
a critical point of the total Q-curvature functional with respect to a volume preserving conformal
variation of the metric g, if and only if the Q-curvature with respect to the metric g is constant.

Furthermore, an important problem in conformal geometry is to construct conformal metrics
for which a certain curvature quantity equals to a prescribed function (for examples, a constant).
Brendle [3] has proved for a 4-dimensional compact Riemannian manifold M 4, if the Paneitz
operator P, has non-negative eigenvalues, its kernel consists of the constant functions and the
total Q-curvature satisfying

Olgl < 872

then there exists a conformal metric g of g on M* such that the Q-curvature with respect to the
metric g is a constant multiple of a prescribed positive function. Hence, it is very important to
study eigenvalues of the Paneitz operator Pg.

Gursky [9] have studied eigenvalues of the Paneitz operator for n = 4. Since the Paneitz oper-
ator Pg is an elliptic operator and Py 1 = 0 for n = 4, we know that Ao = 0 is an eigenvalue of P,.
Gursky [9] shown that if the Yamabe invariant of M* is non-negative and the total Q-curvature
is non-negative, the first eigenvalue A is positive. For n > 6, Yang and Xu [14] have proved the
Paneitz operator P, is positive if the scalar curvature is positive and Q-curvature is nonnegative.
Furthermore, see [2,4,5,10].

For n > 3, we consider the following closed eigenvalue problem on an n-dimensional compact
manifold M":

Pou = Au. (1.5)
Since P, is an elliptic operator, the spectrum of P, on M" is discrete. We assume
O<Ai<Ap< -, Ag<:---— 400
for n # 4 and for n =4,
0=t <A1 <Ay <+, A <+ —> +00.
When n = 4, Yang and Xu [15] have introduced an N-conformal energy E.(N, M*) if M* can

be conformally immersed into the unit sphere SV (1) and have obtained an upper bound for the
first eigenvalue Ap:

A vol(M*) < Eq(N, M%),

where vol(M") denotes the volume of M". Furthermore, Chen and Li [7] have also studied the
upper bound on the first eigenvalue A; when M* is considered as a compact submanifold in
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a Euclidean space R". They have proved

fM4(16|H|2 ZR)dv [yy4 |H|*dv
{vol(M*)}?

and the equality holds if and only if M* is a minimal submanifold in a sphere SN~!(r) for
N > 5 and M* is a round sphere S4(r) for N = 5. In [8], the second eigenvalue A, of the Paneitz
operator Pg is studied. By making use of the conformal transformation introduced by Li and Yau
[11], Chen and Li proved, for n > 7,

Ay vol(M™) < E n - /|H|4dv+—/de

M

if M" is a compact submanifold in the Euclidean space R". Here | H| denotes the mean curvature
of M" in RY. As they remarked, their method does not work for 3 <n <6.

The purpose of this paper is to study eigenvalues of the Paneitz operator Py in n-dimensional
compact Riemannian manifolds. Our method is very different from one used by Chen and Li [8]
and Xu and Yang [15]. From Nash’s theorem, we know that each compact Riemannian mani-
fold can be isometrically immersed into a Euclidean space R". Thus, we can assume M" is an
n-dimensional compact submanifold in RV .

Theorem 1.1. Ler (M*, g) be a 4-dimensional compact submanifold with the metric g in R.
Then, eigenvalues of the Paneitz operator P, satisfy

24: ' \/fM4(16|H|2 2R)dv [, |H2dv
= hj= vol(M*)

and the equality holds if and only if M* is a round sphere S*(r) for N =5 and M* is a compact
minimal submanifold with constant scalar curvature in SN~V (r) for N > 5.

Corollary 1.1. Let (M*, g) be a 4-dimensional compact submanifold with the metric g in the
unit sphere SN (1). Then, eigenvalues of the Paneitz operator Py satisfy

Ly \/fM4(16|H|2+16+2R)dvfM4(|H|2+1)dv
2 <4
jzz: ;= vol(M*)

and the equality holds if and only if M* is a compact minimal submanifold with constant scalar
curvature in SN (1).
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Theorem 1.2. Let (M", g) (n > 4) be an n-dimensional compact submanifold with the metric g
in RN, Then, eigenvalues of the Paneitz operator Py satisfy

" 1
Y Gy =7
j=1

2 _4)|H|?
/wugdwrz(wrz)/g(Wl’Wl)d“

Mn M

X /n2|H|2u%dv+4/g(Vul,Vul)dv
mn M

and the equality holds if and only if M" is isometric to a sphere S"(r), where u is the normalized
first eigenfunction of Pg.

Remark 1.1. In our Theorem 1.2, we do not need to assume the positivity of the Paneitz opera-
tor P,.
g

If the Paneitz operator Pg is a positive operator, we have

Theorem 1.3. Let (M", g) (n # 4) be an n-dimensional compact submanifold with the metric g
in the unit sphere SN (1). Then, eigenvalues of the Paneitz operator Pg satisfy

vy L (@RHP 02) + ray b) R+ 15 0)dv [y (1P + Do
A2 .
jz_:l j=n vol(M™)

2. Eigenvalues of the Paneitz operator on M*

Assume that M" is an n-dimensional submanifold in RV . Let (x1, -+, x,) be alocal coordi-
nate system in a neighborhood U of p € M". Let y be the position vector of p in R", which is
defined by

y:(yl(-XIV"'v-xn)v"'7yN(xlv"'1xn))'

Let g denote the induced metric of M” from R and (,) is the standard inner product in RV,
Chen and Cheng [6] have proved the following:

Lemma 2.1. For any function u € C*°(M"), we have

N N N
ad a dyq 0 dyg 0 0Yq 0Yy
8ij=g<ax.’3x.)=<2 axi 9y, ’Zaxi dy 223xi oxs’
o a=1 O 0P gy L -
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N
> (8(Vya, Vi) = [Vul?,
a=1
N N
> 8(Vya. Vya) =Y [Vyal® =n.
a=I1 a=1
N
> (Aya)* =n’|HI,
a=1
N
> Ay Vya =0, @1
a=1

where V denotes the gradient operator on M™ and |H | is the mean curvature of M".

Proof of Theorem 1.1. Let u; be an eigenfunction corresponding to eigenvalue A; such that
{ui}f’io becomes an orthonormal basis of L*(M™), that is,

Pouj = Ajuj,
fM4uideU=5ij, l',j=07 1,-'-.

We define an N x N-matrix A as follows:
A= (dgp)

where ayg = fM4 Yottougdv, for o,  =1,2,---, N, and y = (yy) is the position vector of the
immersion in RY. Using the orthogonalization of Gram and Schmidt, we know that there exist
an upper triangle matrix 7" = (Tyg) and an orthogonal matrix U = (gug) such that T =UA, i.e.,

N N
Taﬂ=anyayﬁ=/anyyyuouﬂdvzo, 1<B<a<N.
y=1 M4 y=1

Defining z4 = Z)IY=1 Gay Yy, We get

N
fzauouﬂdvz/anyyyuouﬂdvzo, 1<B<a<N.
M4 M4 y=1

Putting
Yo = (2¢ — ba)uo, by := / zau(z)dv, 1<a <N,
M4

we infer

/wauﬁdvzo, 0<B<a<N.
M4
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Thus, from the Rayleigh—Ritz inequality, we have
o [Widv = [ WuPotudv, 1=asw.
M* M4

Since ug is a nonzero constant and

Pory = A*(zqu0) — div[@Rg - 2Ric)V(zo,uo)],

according to the Stokes formula, we derive

2
/ Vo Pyadv = / [(Aza)zu% + g((gRg = 2Ric) Via, VZC,)u%,]dv.
M4

M4

From Lemma 2.1, we have

fj / Vo Py adv

—
—

2, 2 2
16|H| +§R updv.

Hence,
N
2 2, 2 2
D ke | widv< [ (16]H]| +3R uidv.
a=1 M4 M4
On the other hand,
/W{x(“OAZa)dv
M4

= /(Zauo —uoby) (Mo Azg)dv

M4

:—/|V(zau0)|2dv.
M4

Y 2.2 2 . 2
= Z (Azg)ug+g gRg —2Ric |Vzy, Vzy Jug |dv
M4

(2.2)

2.3)
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Therefore, for any positive § > 0, we obtain from (2.3)

1
¥ /|V(zauo)|2dv
M4
1
_)\o%/‘l//a(MOAZa)dv
M4
1 2 2
5 Sy w dv+ (uoAzy)“dv

M4
N ,

Z/\é /|V(zauo)| dv

a=1 e

N N
1 1
= 5 <5 E Ag / %%dv + 5 E f(uOAZa)zdv>
a=1 M4 ot=1M4

M4

1 2 1
< 5(5 f <16|H|2 + §R>u3dv +3 f 16|H|2u3dv).
M4
It is not hard to prove that, for any point and for any «

IVzol* = g(Vza, Vza) < 1.
Hence,

N 1
D 2Vl
a=1

N
1
|Vz,|2+k ZWZAF

4 1 4
=3 A3 Val +al (4 -y |sz|2)
i=1 j=1

4
EZAI IVzi]? +ZA 1—1Vz;?)

||M4>

i=1
4
>3l

j=1

~. I\JI'—

2.5)

(2.4)

3875
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We obtain, by (2.4) and (2.5),

4 1
[ 2 1
/ugdvz,\; < 5(5/(16|H|2+§R>u%dv+3/16|H|2u%dv).

M Jj=1 M4 M4

Taking

1| [y (16l HP2 + S R)uddv

s [yge 161H 2uddv

we have

4\/fM4(16|H|2+ 2R)dv fyys | H v
< .

2.6
vol(M*) (2.6
j=1
If the equality holds, we have
AM=Ay=---=An,
A(zZg — by) = —/ A58 (20 — bg). 2.7

According to Takahashi’s theorem, we know that M 4is around sphere S*(r) for N =5 and M*

is a minimal submanifold in a sphere SN=1() for N > 5 with Z(jxvzl (24 — by)* = r2. Thus, we
have

16
)\.1 =)»2==)\sz
From the definition of the Paneitz operator Py, we have
5 . 2 .
Pg(z4 — by) = A (24 — by) — div gRg —2Ric | V(zg — by) |, (2.8)

that is, from (2.7) and (2.8), we have
) . 2 .
A5(1—8 )(Za—ba)=—dlv gRg—ZRlc V(zg — by) |.

According to fov:l (za — by)* = r?, we obtain

N
as(1—8%)r? = Zg((%Rg - 2Ric>V(za —by), V(za — ba)>.

a=l1



Q.-M. Cheng / J. Differential Equations 257 (2014) 3868-3886 3877
Hence,
2
As(1—8%)r? = L

Thus, the scalar curvature R is constant. Hence, M* is a compact minimal submanifold with
constant scalar curvature in a sphere SV ~!(r). This finishes the proof of Theorem 1.1. O

Proof of Corollary 1.1. Since the unit sphere SV (1) is a hypersurface in R¥ ! with the mean
curvature 1, M* can be seen as a compact submanifold in RM*! with the mean curvature

V/|H|? 4 1. According to Theorem 1.1, we complete the proof of Corollary 1.1. O
3. Eigenvalues of the Paneitz operator on M”" (n # 4)
Proof of Theorem 1.2. Since n > 4, eigenvalues of the Paneitz operator P, satisfy

M<AZ A< — H00.

Let u; be an eigenfunction corresponding to eigenvalue A; such that {u;}7°, becomes an or-

thonormal basis of L2(M ™), that is,

Poui = Aju;,
/Mnuiujdv:(sijv l’.]=1’27

We shall use the same idea to prove Theorem 1.2. But, in this case, we need to use the first

eigenfunction u, which is not constant in general. Thus, we need to compute many formulas.
We define an N x N-matrix A as follows:

A= (agp)

where a,5 = an Yott1ugy1dv, fora, B =1,2,---, N, and y = (y,) is the position vector of the
immersion in RY . Thus, there is an orthogonal matrix U = (qap) such that

/zaululngv:O, 1<B<a<N,
M}l

where z4 = Z)IY: | 4oy Yy - Putting

Vo = (Zg — Ga)U], ag :=/Zau%dvv l<a=<N,

we infer
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Thus, from the Rayleigh—Ritz inequality, we have

Aaﬂ/wide/%Pgwadv, l<a<N.
M}l M}’l

Poo = Py(zqu1) — ag Pguy = Pg(zqu1) — Aiaguy.

Pg(Zaul)
5 . . n—4
= A*(zqu1) — div[(a, Rg + byRic)V (zqu1)] + —5— QGau)

= A%zq ui +2A24 Aut +2A8(Vzy, Vuy)
+28(Vza, V(Au1)) + 2o A%uy +2g(V(Aza), Vur)

n—4
— div[u;(a, Rg + byRic)Vzy | — div[z4 (an Rg + byRic) Vi | + — O(zqut1)

= Azzaul 4+ 2Azy Auy +2Ag(Vzy, Vuy) + 2g(Vza, V(Aul)) + Zg(V(AZa), Vul)
— div[u1(anRg + byRic)Vze | — g(Vza, (@nRg + byRic)Vu1) + 24 Pu

=rq +A1ZaU]
with

T = Azza U1 +2Az4 Auy +2A8(Vzy, Vuy)
+2¢(Vze, V(Au)) +2¢(V(Aza), Vui)

— div[m (a,Rg + bnRic)Vza] — g(Vza, (anRg + bnRic)Vm).

According to the Stokes formula, we derive

/rauldv =0.

Mn

Letting

wazfra¢adv

Mn
/‘papg(padU:/QOU(Pg(Zaul)_)tlaocul)dv
Mﬂ MVL

= / Qo (ro + A1@g)dv.
Mrl

3.1
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Hence,

(Aa+1 —M)/goidvf/%mdv:waz/zaulradv, I<a<N. (3.2)
Mn Mn Mmn

By a direct calculation, we obtain

Z/Zaulg(v(AZa)vV”l)dv: /(Aza)zu%dv
mn Mmn

+/Azag(wa,w%)du—/(zaAzza)u%dv,
M" Mn
Z/ZaulAg(Vza,Vul)dv=2/ulAzag(Vza,Vul)dv

Mn Mn

+2/zaAulg(Vza,Vul)dv+4/g(Vza,Vu1)2dv

MVl M)l
2/ zau18(Vza, V(Aup))dv = — /u]zaAzaAuldv
Ml‘l Mll

—2/ulAulg(Vza,Vza)dv—Z/ZO,g(Vza,Vul)Auldv.
Mn M"

Thus, we derive

(A1 —M)[ padv
M’l

Swaz/zaulradvz/(ulAza—i—Zg(Vza,Vul))zdv
Mn

Mn

MVl
+ / u%g((anRg + byRic)Vzg, VZa)dU -2 / g(Vzy, Vzo)uiAuidv,
Mn
l1<a<N. 3.3)

From Lemma 2.1, we have

N
Y Ot —M)/widv
a=I

mn

5/(n2|H|2+(nan+bn)R)u%dv+2(n+2)fg(wl,wl)du. (3.4)
MVl M71
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On the other hand,
/ 9o (11 A2 +28(Vzy, Vui))dv
Mrl
= /(Za —ag)ui (u1Azg +28(Vza, Vuy))dv

—/ [u1 Vze|?dv. (3.5)

Therefore, for any positive § > 0, we obtain, from (3.5),

1
(hag1 —A1)2 / |u1Vzq|*dv
Mn

1
=—(Aa+1 —A1)2 /%(ulAZa +28(Vza, Vup))dv
M’l
1

5{5(,\a+1 xl)/ 2dv + ~ /(ulAza+2g(Vza,Vu1))2dv}. (3.6)

Mll

According to (3.4) and (3.6), we infer
N 1
>t =20} [V, Pav
a=1 Mn

N
1
S E{SZI()\.D(+] —)\.])/ dv+ Z/ M]AZ()( +2g(VZo[, Vul)) }
a= Mn

o= an
1
< 58{ /(n2|[—]|2_|_(nan+b,1)R)u%dv+2(n+2) g(Vul,Vul)dv}
M}l
1
+ 23{ /n |H *uldv +4/g(Vu1,Vu1)dv}. (3.7)

Mmn Mmn

By the same proof as the formula (2.5) in Section 2, we have

N n
1 1
Y Gt =AD2|Vzal* = > (i1 — A2 (3.8)

a=1 j=1
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Hence, we obtain
1 1
Z(MH —A1)2
j=1

1
< E5</(n2|H|2+(na,,+b,1)1e)ufdv+2(n+2)fg(vm,vm)ch))
Mn Mll

1
+%<fn2|H|2u%dv+4/g(Vul,Vul)dv) (3.9)
Mn

Mn

Letting S denote the squared norm of the second fundamental form of M”, from the Gauss
equation, we have

R=n(n—DIH*—(S—n|H*) <n(n—1)|H.

Since
2
n-—2n—4
by=——>0,
nay, + by 20— 1) >
we have
2 2
nn“-—4)|H
n2|H|2 + (nay, +b,)R < &
Taking
1 Sy n2 I H2u3dv +4 [y, g(Vuy, Vuy)dv
8 S wu%dv+2(n+2)ﬁw g(Vuy, Vuy)dv
we have

" 1
D jr1—211)?
j=1

2 _4)|H|?
- /wufdv+2(n+2)fg(Wl’Wl)d“

Mn M

X /n2|H|2u%du+4/g(w1,wl)dv. (3.10)
M" M"

If the equality holds, we have

A2 =A3=--+=ApN,
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and S = n|H|?. Thus, M" is totally umbilical, that is, M" is isometric to a sphere. It completes
the proof of Theorem 1.2. O

Corollary 3.1. Let (M", g) (n > 4) be an n-dimensional compact submanifold with the metric g
in the unit sphere S™ (1). Then, eigenvalues of the Paneitz operator Py satisfy

" 1
Z(MH —A1)2
j=1

2 2
S n(n* —4)(|H| +1)u2dv+2(n+2) (Vuy, Vuy)dv
2 : *

Mn M"

x fn2(lH|2+ l)u%dv+4/g(w1,w1)dv (3.11)
M" e

and the equality holds if and only if M" is isometric to a sphere S"(r), where u is the normalized
first eigenfunction of Pq.

Proof of Theorem 1.3. Since n # 4, we assume that eigenvalues of the Paneitz operator Py
satisfy

O<Ai <M<, A<+ — F00.

Let u; be an eigenfunction corresponding to eigenvalue A; such that {u;}7°, becomes an or-
thonormal basis of LZ(M"), that is,

Poui = Aju;,
anuideUZSijv 17]21,2,

We shall use the similar method to prove Theorem 1.3. We define an (N + 1) x (N + 1)-matrix
A as follows:

A= (dgp)

where aqp = fM" Yattgdv, fora, B=1,2,---, N +1, and y = (yy) is the position vector of the
immersion in R¥*! with [y|? = Y V4!

such that

yé = 1. Thus, there is an orthogonal matrix U = (gug)

/zauﬁdv:O, I<B<a<N+Il,
Mn

where 7, = Zﬁ;‘ dayYy- Since U is an orthogonal matrix, we have
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Putting

Yo =2q4, 1<a<N+I1,

we infer

/wau,gdvzo, I<f<a<N+1.
M}’l
Thus, from the Rayleigh—Ritz inequality, we have

)\a/wgdvf'/wapgwadvy ISOCSN+1,
MVl Mﬂ

Pgwa :Pg(Za)- (3.12)

According to the Stokes formula, we derive

2 : n—4 2
Vo Peodv = (Aza)” + g((anRg + bnRic)Vzg, VZa) + TQ(ZC() dv
Mrl Mrl

From Lemma 2.1, we have

N+1

> / Vo PeWadv

ot:an
N+1 n_d
= Z / |:(Aza)2 + g((anRg + byRic)Vzy, Vzg) + — Q(Za)z]dv
ot:lM,,

= / <(n2|H|2 +n?) + (nay + by)R + #Q)dv. (3.13)
Mn

Hence,

N+1 n—4
Zxa/wgdug /((n2|H|2+n2)—l—(nan—i—bn)R—i-TQ)dv. (3.14)
1

o= Mn Mn

On the other hand,

/Wa(Aza)dU:/zaAzadU:—/ |Vzol*dv. (3.15)
mn mn

Mn
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Therefore, for any positive § > 0, we obtain

1
A2 / |Vze|?dv
Mn

Y- / Va(Azg)dv
%(M /1//2dv+ /(Aza)zdv>
Ml'l

and

+ é /(nz|H|2 +n2)dv:|.

Mn
By using the same proof as the formula (2.5) in Section 2, we have
N+1

ZA Vzol? > Zﬁ

Thus, we obtain

30k vol(M") < %[5 / ((n2|H|2 1) + (nan + bR + "T_“Q>dv

j=1 Mn

+ é /.(112|H|2 +n2)dv].

Mn

Taking

U | [y (@2 HI? 4 1n2) + (na, + ba) R + “52 Q)dv
N [y @2 H P+ n%)dv

(3.16)

(3.17)

(3.18)

(3.19)
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we have

n 1 \/an ((n?|H|*> +n?) + (na, +by)R + %Q)dv Sy (1H?> + Ddv
A< .
Z j=n vol(M™)
j=1
If the equality holds, we have
A2=A3 ="'+ =AN+l,

|[Vz1| =1 because of A; < A and

AZ] =—,/)\,16Z1, AZO(=_\/)‘-H6ZW forot> 1

Since
N+1
LRI
a=1
we have
1= /28 + (VA8 — V118)23 = 0.
Thus,

Vand = /118

or z% is constant. It is impossible because |Vzi| = 1 and A; < A,. Therefore, the equality does
not hold. It completes the proof of Theorem 1.3. O
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